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Abstract
Based on uniform CR Sobolev inequality and Moser iteration, this paper investigates the
convergence of closed pseudo-Hermitian manifolds. In terms of the subelliptic inequality, the
set of closed normalized pseudo-Einstein manifolds with some uniform geometric conditions is
compact. Moreover, the set of closed normalized Sasakian η-Einstein (2n + 1)-manifolds with
Carnot-Carathe´odory distance bounded from above, volume bounded from below and Ln+
1
2
norm of pseudo-Hermitian curvature bounded is C∞ compact. As an application, we will deduce
some pointed convergence of complete Ka¨hler cones with Sasakian manifolds as their links.
1 Introduction
Cheeger-Gromov compactness theorem says that the class of closed Riemannian n-manifold with
sectional curvature |Sec| ≤ Λ, volume Vol ≥ V1 and diameter diam ≤ d is precompact in C
1,α
topology for any α ∈ (0, 1). Gao [15] studied the compactness of one canonical metric – Einstein
metric, and obtained that the class of normalized Einstein 4-manifolds with injective radius inj ≥ i0
and diam ≤ D is compact in C∞ topology. Anderson [1] extended Gao’s theorem for higher
dimension under a weaker condition – volume Vol ≥ V1. There are many other compactness
theorems under various geometric assumptions which lead important results (cf. [2, 3, 10, 11, 14,
17, 21, 22, 26]).
One generalization of Gromov precompactness theorem is to study the convergence of various
geometric structures. In sub-Riemannian geometry, Baudoin, Bonnefont, Garofalo and Munive [4]
have showed the Gromov-Hausdorff precompactness theorem of closed sub-Riemannian manifolds
which satisfy the so-called curvature-dimension inequality and have bounded (sub-Riemannian)
diameter. In pseudo-Hermitian geometry, Chang, Chang, Han and Tie [8] deduced the CR vol-
ume doubling property in pseudo-Hermitian manifolds under the uniformly conditions of pseudo-
Hermitian Ricci curvature and pseudo-Hermitian torsion, which also leads the Gromov-Hausdorff
precompactness theorem of pseudo-Hermitian manifolds. For more general case, one refers to [27].
Motivated by these results, this paper studies the regularity convergence of closed pseudo-
Hermitian manifolds. Note that a pseudo-Hermitian manifold is determined by a contact form
θ and an almost complex structure J which lies in the horizontal bundle HM given by θ and
can be canonically extended to tangent bundle, also denoted by J . A sequence of closed pseudo-
Hermitian manifolds (Mi,HMi, Ji, θi) is called C
k,α convergent if there are a manifold M , two
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tensors θ ∈ Ck,α(TM,R), J ∈ Ck,α(TM,TM) and diffeomorphisms φi : M →Mi such that φ
∗
i θi →
θ and φ∗i Ji → J in C
k,α topology. The class of closed pseudo-Hermitian manifolds with uniform
conditions of Carnot-Carathe´odory diameters, volumes and higher-order horizontal derivatives of
pseudo-Hermitian curvatures and pseudo-Hermitian torsions is compact in C∞ topology. The
pseudo-Einstein condition leads some subelliptic inequalities of pseudo-Hermitian curvature which
weaken the higher-order derivative condition of pseudo-Hermitian curvature as follows:
Theorem 4.7. Given constants κ1, κ2, d, V1, λ,Λ and q > Q where Q is given in (3.3), any sequence
of closed connected pseudo-Einstein manifolds with dimension 2n+ 1 ≥ 5 and
|A| ≤ κ1, |divA| ≤ κ2, ||A||
S
q
2
2k+4
≤ λ, ||R˜|| q
2
≤ Λ, diamcc ≤ d,Vol ≥ V1
is Ck+1,α sub-convergent for any α ∈ (0, 1), where A is the pseudo-Hermitian torsion, R˜ is pseudo-
Hermitian curvature, diamcc is the Carnot-Carathe´odory diameter and Vol is the volume.
It is remarkable that the pseudo-Hermitian scalar curvature may not be constant in this theorem
and Q > 2n+2. Moreover, although the condition of the bounds of |A|, |divA| and pseudo-Einstein
condition won’t imply lower bound of Riemannian Ricci curvature, they give CR Sobolev inequality
due to [8] which is an important ingredient in geometric analysis. When the real dimension is
5, the convergence theorem needs less derivatives of pseudo-Hermitian torsion due to a special
Bochner formula of pseudo-Hermitian torsion (see Theorem 4.9). A pseudo-Hermitian manifold
with vanishing pseudo-Hermitian torsion is Sasakian. Sasakian geometry is an important branch of
contact geometry and gets much attention due to its role in String theory and Ka¨hler geometry. In
the last two section of this paper, C∞ version of Theorem 4.7 for closed Sasakian pseudo-Einstein
(2n+1)-manifolds will be improved to q = 2n+1 and the pseudo-Einstein condition will be slightly
relaxed. In particular, any sequence of closed Sasakian manifolds with pseudo-Hermitian Ricci
curvature bounded from below will have some C1,α sub-convergence. As an application, we will
deduce some pointed convergence of complete Ka¨hler cones whose links are Sasakian manifolds (see
Corollary 5.6 and Corollary 6.4).
2 Pseudo-Hermitian Geometry and CR Bochner Formulae
Let’s briefly review the pseudo-Hermitian geometry. For details, the readers could refer to [5, 12,
18, 28]. A smooth manifold M of real dimension (2n+1) is said to be a CR manifold if there exists
a smooth rank n complex subbundle T1,0M ⊂ TM ⊗ C such that
T1,0M ∩ T0,1M = 0(2.1)
[Γ(T1,0M),Γ(T1,0M)] ⊂ Γ(T1,0M)(2.2)
where T0,1M = T1,0M is the complex conjugate of T1,0M . Equivalently, the CR structure may also
be described by the real subbundle HM = Re {T1,0M ⊕ T0,1M} of TM which carries an almost
complex structure J : HM → HM defined by J(X +X) = i(X −X) for any X ∈ T1,0M . Since
HM is naturally oriented by the almost complex structure J , then M is orientable if and only if
there exists a global nowhere vanishing 1-form θ such that HM = Ker(θ). Any such section θ is
referred to as a pseudo-Hermitian structure on M . The Levi form Lθ of a given pseudo-Hermitian
structure is defined by
Lθ(X,Y ) = dθ(X,JY )
2
for any Z,W ∈ HM . An orientable CR manifold (M,HM,J) is called strictly pseudo-convex if
Lθ is positive definite for some θ. It is remarkable that the signature of the Levi form is invariant
under the CR conformal transformation θ˜ = e2uθ.
When (M,HM,J) is strictly pseudo-convex, there exists a pseudo-Hermitian structure θ such
that Lθ is positive. The quadruple (M,HMJ, θ) is called a pseudo-Hermitian manifold. This paper
is discussed in these pseudo-Hermitian manifolds.
For a pseudo-Hermitian manifold (M,HM,J, θ), there exists a unique nowhere zero vector
field ξ, called Reeb vector field, transverse to HM satisfying ξy θ = 1, ξy dθ = 0. There is a
decomposition of the tangent bundle TM :
TM = HM ⊕ Rξ(2.3)
which induces the projection πH : TM → HM . Set Gθ = π
∗
HLθ. Since Lθ is a metric on HM , it
is natural to define a Riemannian metric
gθ = Gθ + θ ⊗ θ(2.4)
which makes HM and Rξ orthogonal. Such metric gθ is called Webster metric. In the terminology
of foliation geometry, Rξ provides a one-dimensional Reeb foliation and HM is its horizontal
distribution. By requiring that Jξ = 0, the almost complex structure J can be extended to an
endomorphism of TM . The integrable condition (2.2) guarantees that gθ is J-invariant. Clearly
θ ∧ (dθ)n differs a constant with the volume form of gθ. Henceforth we will regard it as the volume
form and always omit it for simplicity.
On a pseudo-Hermitian manifold, there exists a canonical connection preserving the CR struc-
ture and the Webster metric.
Proposition 2.1 ([25, 28]). Let (M,HM,J, θ) be a pseudo-Hermitian manifold. Then there is a
unique linear connection ∇ on M (called the Tanaka-Webster connection) such that:
(1) The horizontal bundle HM is parallel with respect to ∇;
(2) ∇J = 0, ∇gθ = 0;
(3) The torsion T∇ of the connection ∇ is pure, that is, for any X,Y ∈ HM ,
T∇(X,Y ) = 2dθ(X,Y )ξ and T∇(ξ, JX) + JT∇(ξ,X) = 0.
Note that the torsion on HM×HM is always nonzero. The pseudo-Hermitian torsion, denoted
by τ , is the TM -valued 1-form defined by τ(X) = T∇(ξ,X). Define the tensor A by A(X,Y ) =
gθ(X, τ(Y )) for any X,Y ∈ TM . The condition (3) leads that A is trace-free and symmetric. A
pseudo-Hermitian manifold is called Sasakian if τ ≡ 0. Sasakian geometry is very rich as the odd-
dimensional analogous of Ka¨hler geometry. We refer the readers to the book [5] by C. P. Boyer,
and K. Galicki.
Let R be the curvature tensor of the Tanaka-Webster connection. As the Riemannian curvature,
R satisfies
〈R(X,Y )Z,W 〉 = −〈R(X,Y )W,Z〉 = −〈R(Y,X)Z,W 〉
for any X,Y,Z,W ∈ Γ(TM). Set e0 = ξ. Let {ei}
2n
i=1 be a local orthonormal basis of HM restricted
on some open set U satisfying ei+n = Jei, i = 1, . . . , n. Then {ηα =
1√
2
(eα − iJei)}
n
α=1 is a unitary
3
frame of T1,0M |U . Besides Rα¯βλµ¯ = 〈R(ηλ, ηµ¯)ηβ, ηα¯〉, the other parts of R are clear:
Rα¯βλ¯µ¯ = 2i(Aα¯µ¯δβλ¯ −Aα¯λ¯δβµ¯),(2.5)
Rα¯βλµ = 2i(Aβµδα¯λ −Aβλδα¯µ),(2.6)
Rα¯β0µ¯ = Aα¯µ¯,β,(2.7)
Rα¯β0µ = −Aµβ,α¯,(2.8)
where Aµβ,α¯ are the components of ∇A. In particular, we will set
R˜ = R
∣∣
T0,1M⊗T1,0M⊗T1,0M⊗T0,1M
which is called pseudo-Hermitian curvature.
As a Riemannian manifold, (M,gθ) carries the Levi-Civita connection D and the Riemannian
curvature Rˆ. Dragomir and Tomassini [12] have derived the relationship between ∇ and D:
D = ∇− (dθ +A)⊗ ξ + τ ⊗ θ + 2θ ⊙ J,(2.9)
where 2θ ⊙ J = θ⊗ J + J ⊗ θ. They also have deduced the relationship between R and Rˆ: for any
X,Y,Z ∈ Γ(TM),
Rˆ(X,Y )Z =R(X,Y )Z + (LX ∧ LY )Z + dθ(X,Y )JZ(2.10)
− gθ(S(X,Y ), Z)T + θ(Z)S(X,Y )
− 2gθ(θ ∧ O(X,Y ), Z)T + 2θ(Z)(θ ∧ O)(X,Y ),
where
(LX ∧ LY )Z =gθ(LX,Z)LY − gθ(LY,Z)LX,(2.11)
S(X,Y ) =(∇Xτ)Y − (∇Y τ)X,(2.12)
O =τ2 + 2Jτ − πH ,(2.13)
L =τ + J.(2.14)
Hence the first Bianchi identity of R is
S (R(X,Y )Z) = 2S (dθ(X,Y )τ(Z)) .(2.15)
where S stands for the cyclic sum with respect to X,Y,Z ∈ Γ(HM). It implies that Rα¯βλµ¯ = Rα¯λβµ¯
which was given by Webster [28]. Tanaka [25] defined the pseudo-Hermitian Ricci operator R∗ by
R∗X = −i
n∑
λ=1
R(ηλ, ηλ¯)JX.(2.16)
Set R∗ηα = Rαβ¯ηβ. Hence Rαβ¯ = Rβ¯αλλ¯ = Rβ¯λαλ¯ by the first Bianchi identity. The pseudo-
Hermitian scalar curvature ρ is half of the trace of R∗, that is ρ = Rαα¯. The following second
Bianchi identities were given by Lee in Lemma 2.2 of [18]. Please note that this paper follows the
same exterior algebra as one in [12] which makes some coefficients of commutations different with
ones in [18].
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Lemma 2.2. The pseudo-Hermitian curvature and torsion satisfy the following identities
Aαβ,γ = Aαγ,β(2.17)
Rα¯βλµ¯,γ −Rα¯βγµ¯,λ = 2i(Aβγ,µ¯δα¯λ +Aγβ,α¯δλµ¯ −Aβλ,µ¯δα¯γ −Aλβ,α¯δγµ¯),(2.18)
Rα¯βλµ¯,0 = Aλβ,α¯µ¯ +Aα¯µ¯,βλ + 2i(Aα¯γ¯Aγλδβµ¯ −AβγAγ¯µ¯δα¯λ),(2.19)
and the contracted identities:
Rλµ¯,γ −Rγµ¯,λ = 2i(Aγα,α¯δλµ¯ −Aλα,α¯δγµ¯),(2.20)
ρλ −Rλµ¯,µ = 2i(n − 1)Aλµ,µ¯,(2.21)
Rλµ¯,0 = Aλα,α¯µ¯ +Aα¯µ¯,αλ,(2.22)
ρ0 = Aλα,α¯λ¯ +Aα¯λ¯,αλ.(2.23)
Lemma 2.3. Let Rˆic be the Riemannian Ricci tensor. The relation of R∗ and Rˆic is
〈Rˆic(X), Y 〉 =〈R∗X,Y 〉 − 2〈πHX,πHY 〉+ (2n − |τ |2)θ(X)θ(Y )(2.24)
− 2(n− 2)A(JX, Y )− 〈(∇ξτ)X,Y 〉+ divτ(X)θ(Y ) + θ(X)divτ(Y )
for X,Y ∈ Γ(TM) and
|τ |2 =
2n∑
i=1
〈τ2(ei), ei〉 = 2
n∑
α,β=1
AαβAα¯β¯.
Proof. To prove (2.24), let’s introduce an auxiliary tensor Q as follows:
Q(X) =
2n∑
i=1
R(X, ei)ei.(2.25)
It suffices to deduce the following identities:
〈R∗X,Y 〉 =〈Q(πHX), πHY 〉 − 2(m− 1)A(JX, Y ),(2.26)
〈Q(X), Y 〉 =〈Q(πHX), πHY 〉+ θ(X)divτ(Y )(2.27)
〈Rˆic(X), Y 〉 =〈Q(X), Y 〉 − 2〈πHX,πHY 〉+ (2n − |τ |
2)θ(X)θ(Y ) + 2〈τJX, Y 〉(2.28)
− 〈(∇ξτ)X,Y 〉+ divτ(X)θ(Y )
For (2.26), on one hand, since JX is horizontal, we can use the first Bianchi identity (2.15) and
obtain
−i
n∑
α=1
R(ηα, ηα¯)JX − i
n∑
α=1
R(ηα¯, JX)ηα − i
n∑
α=1
R(JX, ηα)ηα¯(2.29)
= −i
n∑
α=1
2dθ(ηα, ηα¯)τJX − i
n∑
α=1
2dθ(ηα¯, JX)τeα − i
n∑
α=1
2dθ(JX, ηα)τηα¯
= 2nτJX − 2
n∑
α=1
τJ
(
〈ηα¯,X〉ηα + 〈X, ηα〉ηα¯
)
= 2(n− 1)τJX.
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On the other hand, note that
i
n∑
α=1
R(ηα¯, JX)ηα + i
n∑
α=1
R(JX, ηα)ηα¯ =i
n∑
α=1
R(ηα¯, JX)ηα − i
n∑
α=1
R(ηα, JX)ηα¯(2.30)
=
n∑
α=1
J
(
R(ηα¯, JX)ηα
)
+ J
(
R(ηα, JX)ηα¯
)
=J ◦ Q(JX)
Substituting (2.30) into (2.29) and replacing X,Y by JX, JY , we obtain (2.26).
The identity (2.27) is due to (2.10) and the following calculation:
〈Q(ξ), πY 〉 =
2n∑
i=1
〈R(ξ, ei)ei, πHY 〉 =
2n∑
i=1
〈Rˆ(ξ, ei)ei, πHY 〉
=
2n∑
i=1
〈Rˆ(ei, πHY )ξ, ei〉 =
2n∑
i=1
〈S(ei, πHY ), ei〉 = divτ(Y ).
For (2.28), by (2.10) and ei ∈ Γ(HM), we have
〈Rˆic(X), Y 〉 =
2n∑
i=1
〈Rˆ(ei,X)Y, ei〉+ 〈Rˆ(ξ,X)Y, ξ〉(2.31)
=
2n∑
i=1
〈R(ei,X)Y, ei〉+
2n∑
i=1
〈(Lei ∧ LX)Y, ei〉+
2n∑
i=1
2dθ(ei,X)〈JY, ei〉
+
2n∑
i=1
θ(Y )〈S(ei,X), ei〉+
2n∑
i=1
2θ(Y )〈(θ ∧ O)(ei,X), ei〉+ 〈Rˆ(ξ,X)Y, ξ〉
Now we see each terms in the right side except the first one. Note that
2n∑
i=1
〈(Lei ∧ LX)Y, ei〉 =
2n∑
i=1
〈Lei, Y 〉〈LX, ei〉 − 〈LX,Y 〉〈Lei, ei〉(2.32)
On one hand, since 〈Lei, Y 〉 = 〈ei, τY 〉 − 〈ei, JY 〉, we find
2n∑
i=1
〈Lei, Y 〉〈LX, ei〉 =〈LX, τY 〉 − 〈LX, JY 〉(2.33)
=〈τX, τY 〉+ 〈JX, τY 〉 − 〈τX, JY 〉 − 〈JX, JY 〉
=〈τX, τY 〉 − 〈πHX,πHY 〉.
Here the last equation is due to τJ + Jτ = 0 which implies
〈JX, τY 〉 = −〈X,JτY 〉 = 〈X, τJY 〉 = 〈τX, JY 〉.
On the other hand,
〈Lei, ei〉 = traceGθτ + traceGθJ = 0.(2.34)
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Substituting (2.33) and (2.34) into (2.32), the result is
2n∑
i=1
〈(Lei ∧ LX)Y, ei〉 = 〈τX, τY 〉 − 〈πHX,πHY 〉.(2.35)
The third term in (2.31) is due to
2n∑
i=1
2dθ(ei,X)〈JZ, ei〉 = −2〈JY, JZ〉 = −2〈πHX,πHY 〉.(2.36)
The fourth term in (2.31) comes from the formula (2.12) of S and the parallelism of HM with
respect to Tanaka-Webster connection:
2n∑
i=1
〈S(ei,X), ei〉 =
2n∑
i=1
〈(∇eiτ)X, ei〉+
2n∑
i=1
〈(∇Y τ)ei, ei〉 = (divτ)X.(2.37)
For the fifth term in (2.31), by the formula (2.13) of O, we have
2n∑
i=1
2〈(θ ∧O)(ei,X), ei〉 =
2n∑
i=1
−〈θ(X)O(ei), ei〉(2.38)
=
2n∑
i=1
−θ(X)〈(τ2 + 2Jτ − πH)(ei), ei〉
=θ(X)(2n − |τ |2)
which is due to
−
2n∑
i=1
〈Jτ(ei), ei〉 =
2n∑
i=1
〈τJei, ei〉 =
m∑
i=1
〈τJei, ei〉+ 〈τJ
2ei, Jei〉 = 0.
For the sixth term in (2.31), we have
〈Rˆ(ξ,X)Y, ξ〉 =− 〈S(ξ,X), Y 〉 − 2〈(θ ∧ O)(ξ,X), Y 〉
=− 〈(∇ξτ)X,Y 〉 − 〈O(X), Y 〉
=− 〈(∇ξτ)X,Y 〉 − 〈τX, τY 〉 − 2〈JτX, Y 〉+ 〈πHX,πHY 〉.(2.39)
By substituting (2.35), (2.36), (2.37), (2.38) and (2.39) to (2.31), we get (2.28).
For (2.24), we note that
〈Q(X), Y 〉 = 〈Q(J2X), J2Y 〉+ θ(X)〈Q(ξ), πHY 〉.(2.40)
Using (2.10), the last term can be calculated by
〈Q(ξ), πHY 〉 =
2n∑
i=1
〈R(ξ, ei)ei, πHY 〉(2.41)
=
2n∑
i=1
〈Rˆ(ξ, ei)ei, πHY 〉 =
2n∑
i=1
〈Rˆ(ei, πHY )ξ, ei〉 = divτ(Y ).
Substituting (2.26), (2.27), (2.40) and (2.41) to (2.28), we obtain (2.24).
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A pseudo-Hermitian structure θ is called pseudo-Einstein if R∗ = ρnGθ. Since the curvature
associated with ∇ contains the pseudo-Hermitian torsion, the pseudo-Einstein structure will heavily
depend on it too. For example, by (2.21), if (M,HM,J, θ) is pseudo-Einstein with dimension
2n+ 1 ≥ 5, then the horizontal gradient of ρ, the restriction of ∇ρ on HM , is
∇bρ = 2n div τ ◦ J,(2.42)
where the horizontal gradient ∇bρ is the horizontal restriction of the gradient ∇ρ. Hence under the
pseudo-Einstein condition, the constancy of the pseudo-Hermitian scalar curvature is equivalent to
the vanishing horizontal gradient of the pseudo-Hermitian torsion.
The Ricci identity is very useful to derive Bochner formulae in Riemannian geometry. It has
the following analogous for any affine connection.
Lemma 2.4. Assume that σ ∈ Γ(⊗pT ∗M) and X1, · · · ,Xp ∈ Γ(TM). Then
(∇2σ)(X1, · · · ,Xp;X,Y )− (∇
2σ)(X1, · · · ,Xp;Y,X)(2.43)
= σ(X1, · · · , R(X,Y )Xi, · · · ,Xp) +
(
∇T∇(X,Y )σ
)
(X1, · · · ,Xp).
where
(∇2σ)(X1, · · · ,Xp;X,Y ) = (∇Y∇σ)(X1, · · · ,Xp;X).
The proof is directly from the definition and we omit it here. As an application, Lemma 2.4
yields the commutations of second derivatives ∇2A.
Lemma 2.5. The commutations of the derivatives of the pseudo-Hermitian torsion are
Aα¯β¯,γλ −Aα¯β¯,λγ =2i(Aργδα¯λ −Aρλδα¯γ)Aρ¯β¯ + 2i(Aργδβ¯λ −Aρλδβ¯γ)Aρ¯α¯(2.44)
Aα¯β¯,γ¯λ¯ −Aα¯β¯,λ¯γ¯ =0(2.45)
Aα¯β¯,γλ¯ −Aα¯β¯,λ¯γ =Rρα¯γλ¯Aρ¯β¯ +Rρβ¯γλ¯Aρ¯α¯ + 2iδγλ¯Aα¯β¯,0(2.46)
Aα¯β¯,0γ −Aα¯β¯,γ0 =Aγρ,α¯Aρ¯β¯ +Aγρ,β¯Aρ¯α¯ +AγρAα¯β¯,ρ¯(2.47)
Aα¯β¯,0γ¯ −Aα¯β¯,γ¯0 =−Aα¯γ¯,ρAρ¯β¯ −Aβ¯γ¯,ρAρ¯α¯ +Aα¯β¯,ρAγ¯ρ¯(2.48)
The equation (2.44) has been given by Lee in [18]. But the coefficients are different due to
the different exterior algebras. Now let’s deduce the CR Bochner formulae of pseudo-Hermitian
curvature Rˆ and ∇ξA.
Lemma 2.6. The CR Bochner formula of R˜ is
∆bRα¯βλµ¯ =2Rβα¯,λµ¯ −Rρα¯Rρ¯βλµ¯ +Rβρ¯Rα¯ρλµ¯ +Rλρ¯Rα¯βρµ¯ +Rρµ¯Rα¯βλρ¯(2.49)
+ 2Rρα¯µ¯γRρ¯βλγ¯ + 2Rρ¯βµ¯γRα¯ρλγ¯ + 2Rρ¯λµ¯γRα¯βργ¯
− (2n+ 4)iAλβ,α¯µ¯ + 2niAα¯µ¯,βλ + 4iAα¯µ¯,λβ
− 4iAα¯γ¯,γλδβµ¯ − 4iAα¯γ¯,γβδµ¯λ + 4iAβγ,γ¯µ¯δα¯λ
+ (4n+ 8)AρλAα¯ρ¯δβµ¯ + 8nAρβAα¯ρ¯δµ¯λ + (4n − 8)AβρAρ¯µ¯δα¯λ
− 8AργAρ¯γ¯(δα¯γδβµ¯ + δα¯βδµ¯λ).
where ∆b is the sub-Laplacian operator. In particular, if (M,HM,J, θ) is pseudo-Einstein with
dimension 2n+ 1 ≥ 5, then
∆bR˜ = R˜ ∗ R˜+∇
2
bA ∗ J +A
2,(2.50)
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and
∆b|R˜|+ C1|R˜|
2 + C1
(
|∇2bA|+ |A
2|
)
≥ 0(2.51)
where C1 = C1(n).
Proof. Since the process is standard, we only outline the schedule. Due to the second Bianchi
identity (2.18) and Lemma 2.43, we find
Rα¯βλµ¯,γ¯γ = Rβα¯,λµ¯
+Rρα¯µ¯γRρ¯βλγ¯ +Rρ¯βµ¯γRα¯ρλγ¯ +Rρ¯λµ¯γRα¯βργ¯ +Rρµ¯Rα¯βλρ¯
+ 2i(Aα¯µ¯,λβ +Aµ¯α¯,βλ −Aα¯γ¯,λγδβµ¯ −Aγ¯α¯,βγδµ¯λ) + 2iAβγ,γ¯µ¯δα¯λ − 2niAλβ,α¯µ¯
− 2iRα¯βλµ¯,0,
and
Rα¯βλµ¯,γγ¯ = Rα¯βλµ¯,γ¯γ −Rρα¯Rρ¯βλµ¯ +Rβρ¯Rα¯ρλµ¯ +Rλρ¯Rα¯βρµ¯ −Rρµ¯Rα¯βλρ¯ + 2niRα¯βλµ¯,0.
Hence by combining with (2.19), we have
∆bRα¯βλµ¯ =Rα¯βλµ¯,γ¯γ +Rα¯βλµ¯,γγ¯
=2Rβα¯,λµ¯ −Rρα¯Rρ¯βλµ¯ +Rβρ¯Rα¯ρλµ¯ +Rλρ¯Rα¯βρµ¯ +Rρµ¯Rα¯βλρ¯
+ 2Rρα¯µ¯γRρ¯βλγ¯ + 2Rρ¯βµ¯γRα¯ρλγ¯ + 2Rρ¯λµ¯γRα¯βργ¯
− (2n + 4)iAλβ,α¯µ¯ + 2niAα¯µ¯,βλ + 4iAα¯µ¯,λβ − 4iAα¯γ¯,λγδβµ¯ − 4iAγ¯α¯,βγδµ¯λ
+ 4iAβγ,γ¯µ¯δα¯λ − (4n− 8)(Aα¯γ¯Aγλδβµ¯ −AβγAγ¯µ¯δα¯λ)
The rest for (2.49) is to turn Aα¯γ¯,λγ and Aγ¯α¯,βγ into divergence forms. This follows from (2.44).
A similar argument shows the CR Bochner formula of pseudo-Hermitian torsion.
Lemma 2.7. The CR Bochner formula of Aαβ,0 is
∆bAαβ = 2Aαγ,γ¯β − 2(n − 2)iAαβ,0 + 2Rρ¯αβγ¯Aργ +Rβρ¯Aρα −Rαρ¯Aρβ .(2.52)
3 Subelliptic Estimates and CR Sobolev Embedding
Let’s first review Folland-Stein space in [13]. For simplicity, we require that (M,HM,J, θ) is a
closed pseudo-Hermitian manifold with dimension 2n+ 1. For any f ∈ C∞(M), the Folland-Stein
norm is given by
||f ||Sp
k
=
k∑
l=0
||∇lbf ||p,M(3.1)
where ∇lbf is the restriction of ∇
lf on the horizontal distribution HM and
||∇lbf ||p,M =
(∫
M
∣∣∇lbf ∣∣gθθ ∧ (dθ)n
) 1
p
.
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The Folland-Stein space Spk(M) is the completion of C
∞(M) under the Folland-Stein norm. The
CR Sobolev inequality also holds (cf. [13]): there exists a constant CM such that(∫
M
|f |
2n+2
n
) n
n+1
≤ CM
(∫
M
|∇bf |
2 +
∫
M
|f |2
)
.(3.2)
But the dependency of CM is not clear to our best knowledge. Recently Chang, Chang, Han
and Tie [8] have obtained another version of CR Sobolev inequality. Let’s recall the definition of
Carnot-Carathe´odory distance (called CC distance for short). The CC distance dcc(x, y) of any two
points x, y ∈M can be measured from the horizontal direction, that is
dcc(x, y) = inf
{∫ 1
0
∣∣γ˙∣∣dt ∣∣∣∣ γ ∈ Cx,y
}
,
where Cx,y is the set of all piecewise C
1 curves γ : [0, 1] → M satisfying γ˙ ∈ HM and γ(0) =
x, γ(1) = y. Such curve is called horizontal curve. Clearly the Riemannian distance dRiem(x, y) ≤
dcc(x, y). Strichartz [24] has showed that if M is complete, then there is at least one length
minimizing horizontal curve reaching the CC distance. For any fixed x ∈M , the CC ball of radius
r centered at x is denoted by Br(x) = {y ∈ M | dcc(x, y) < r}. Using Varopoulos’ argument, one
can obtain Sobolev inequality from the estimate of heat kernel (also see Theorem 11.4 in [19] or
[23]). Under this framework, Chang and his collaborators [8] applied the estimates of heat kernel
associated to ∂t − ∆b in [4] and deduced a CR Sobolev inequality in complete pseudo-Hermitian
manifolds. One can also refer to [9] about the generalized curvature-dimension inequality and Li-
Yau gradient estimate on pseudo-Hermitian manifolds. It is notable that the estimate (3.19) in [8]
is enough to obtain the following CR Sobolev inequality.
Lemma 3.1 (CR Sobolev Inequality, Theorem 1.2 in [8]). Let (M,HM,J, θ) be a complete pseudo-
Hermitian (2n + 1)-manifold with
(i) pseudo-Hermitian Ricci operator uniformly bound, that is R∗ ≥ κ1Gθ,
(ii) pseudo-Hermitian torsion and its divergence uniformly bound |A|, |divA| ≤ κ2,
where κ1 and κ2 are constants. Then there exist Q = Q(n, κ1, κ2) and C = C(n, κ1, κ2) such that
for any x ∈M and ∂Br(x) 6= ∅,(∫
Br(x)
|φ|
2Q
Q−2
)Q−2
Q
≤ Cr2eCr
2
V (Br(x))
− 2
Q
∫
Br(x)
|∇bφ|
2, ∀φ ∈ C∞0 (Br(x)).(3.3)
Here V (Br(x)) is the volume of Br(x).
Remark 3.2. When (M,HM,J, θ) is Sasakian, Q = 3(n+3) which is bigger than 2n+2 in (3.2).
So CR Sobolev inequality (3.3) is not sharp.
For k ∈ N, it is also natural to denote all functions having horizontal covariant derivatives of
order ≤ k continuous on M by Γk(M). Its canonical norm is
||f ||Γk(M) = max
l≤k
sup
M
|∇lbf |.
This idea is still fit for non-integer k to define an analogous of Ho¨lder space, but the distance
is replaced by CC distance. One can refer to [12, 13] for details. As CR Sobolev inequality,
CR Sobolev embedding theorem is known by Folland and Stein [13], but the dependency of the
embedding constant is not clear. This problem can be overcome by the method in Theorem 7.10
in Page 155 of [16]. Let’s recapture CR Sobolev embedding lemma.
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Lemma 3.3. Suppose that CR Sobolev inequality holds on some CC ball BR = BR(x) in a pseudo-
Hermitian manifold (M2n+1,HM, J, θ), that is
(∫
BR
|φ|
2Q
Q−2
)Q−2
Q
≤ CS
∫
BR
|∇bφ|
2, ∀φ ∈ C∞0 (BR).(3.4)
Then for any q > Q, Sq1(BR)-function u with compact support is continuous and
sup
BR
|u| ≤ C2C
1
2
S ||∇bu||q,BR(3.5)
where C2 = C2(q,Q, V (BR)).
Proof. It suffices to prove (3.5) for u ∈ C∞0 (BR). Without loss of generality, we assume u 6= 0. For
any f ∈ C∞0 (BR) and γ ≥ 1, CR Sobolev inequality (3.4) and Ho¨lder inequality show that
||fγ ||Q′,BR ≤ C
1
2
S ||∇bf
γ ||2,BR = C
1
2
S ||γf
γ−1∇bf ||2,BR ≤ C
1
2
S γ||f
γ−1||q′,BR ||∇bf ||q,BR(3.6)
where Q′ = 2Q
Q−2 and
1
q′
+ 1
q
= 12 . Let’s denote
u˜ =
u
||∇bu||q,BR
which enjoys the estimate:
||u˜||Q′,BR ≤ C
1
2
S V
1
q′
R .(3.7)
Here VR = V (BR). By (3.6) and Ho¨lder inequality again, we find
||u˜||γQ′,BR ≤ C
1
2γ
S γ
1
γ ||u˜||
1− 1
γ
(γ−1)q′,BR
≤ C
1
2γ
S γ
1
γ V
1
q′γ2
R ||u˜||
1− 1
γ
γq′,BR
(3.8)
Now set δ = Q
′
q′
> 1 and γ = δν . Then using (3.7), we have for any ν ∈ N
||u˜||δνQ′,BR ≤ C
1
2
δ−ν
S V
1
q′
δ−2ν
R δ
νδ−ν ||u˜||1−δ
−ν
δν−1Q′,BR
≤ C
1
2
S (VR + 1)
1
q′ δa
where
a = νδ−ν +
ν−1∑
k=0
kδ−k
ν∏
i=k+1
(1− δ−i) ≤
ν∑
k=1
kδ−k < +∞.
The proof is finished by taking ν →∞.
Let’s denote CC diameter and volume of M by diamcc and Vol(M).
Lemma 3.4. Suppose that (M2n+1,HM, J, θ) is a closed connected pseudo-Hermitian manifold
with
(i) R∗ ≥ κ1Gθ and |A|, |divA| ≤ κ2,
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(ii) diamcc ≤ d and Vol(M) ≥ V1.
Then for any q > Q, any Sq1(M) function u is continuous and
sup
M
|u| ≤ C3||u||Sq1(3.9)
where C3 = C3(n, κ1, κ2, d, V1, q).
Proof. For any x ∈ M , we can choose a CC ball BR(x) with boundary such that V (BR(x)) =
V1
2 .
Then by Lemma 3.1, the CR Sobolev inequality condition holds on BR(x) with
CS = CR
2eCR
2
V (BR(x))
− 2
Q ≤ CR2eCd
2
(
V1
2
)− 2
Q
Let’s choose a cutoff function η such that
η
∣∣
BR
2
(x)
≡ 1, supp η ⊂ BR(x), |∇bη| ≤
C4
R
,
where C4 is a universal constant. Then ηu has compact support in BR(x) and
||∇b(ηu)||q,BR(x) ≤ ||∇bu||q,M +
C4
R
||u||q,M ≤ (1 +
C4
R
)||u||Sq1 (M).
Hence Lemma 3.3 shows that u is continuous at x and
|u(x)| ≤ C2C
1
2
S ||∇b(ηu)||q,BR(x)
which yields the conclusion.
Next we use Moser iteration to estimate L∞ norm of the solution of
∆bf + φf + ψ ≥ 0.
Lemma 3.5. Suppose that CR Sobolev inequality holds on some CC ball BR in a pseudo-Hermitian
manifold (M2n+1,HM, J, θ), that is
(∫
BR
|φ|
2Q
Q−2
)Q−2
Q
≤ CS
∫
BR
|∇bφ|
2, ∀φ ∈ C∞0 (BR)(3.10)
Assume that φ,ψ ∈ L
q
2 (BR) for some q > Q. Then there exists a constant C5 = C5(n, q,Q) such
that if 0 ≤ f ∈ Lip(BR) is a weak solution of
∆bf + φf + ψ ≥ 0,(3.11)
then we have
sup
BR
2
|f | ≤ C5
[(
||φ|| q
2
,BR
+ 1
) q
q−Q
C
Q
q−Q
S + 1
]
CSR
−2(R2 + 1)
[
||f ||Q
2
,BR
+ ||ψ|| q
2
,BR
V (BR)
]
.
(3.12)
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Proof. Without loss of generality, we assume that ψ 6= 0. Let η be any cutoff function on BR and
u = f + k where k = ||ψ|| q
2
,Bt .
Test (3.11) by η2uα for α ≥ 1. Then we get
α
∫
η2uα−1|∇bu|2 +
∫
2ηfα〈∇bη,∇bu〉 ≤
∫
η2uα|ψ| +
∫
η2uα+1|φ|.
which implies that ∫
|∇b(ηu
α+1
2 )|2 ≤
∫
uα+1|∇bη|
2 + α
∫
η2uα+1(|φ| +
|ψ|
k
)
By the assumption of CR Sobolev inequality (3.10), we have
∫ (
|ηu
α+1
2 |
2Q
Q−2
)Q−2
Q
≤ CSα
∫
η2uα+1(|φ|+
|ψ|
k
) + CS
∫
uα+1|∇bη|
2.(3.13)
Taking account of Ho¨lder inequality and interpolation inequality, we find∫
η2uα+1(|φ|+
|ψ|
k
) ≤ (||φ|| q
2
,BR
+ 1)||ηu
α+1
2 ||22q
q−2
≤ 2(||φ|| q
2
,BR
+ 1)
(
ǫ2||ηu
α+1
2 ||22Q
Q−2
+ ǫ−2µ||ηu
α+1
2 ||22
)
where µ = Q
q−Q . By choosing ǫ
2 = 4−1C−1S α
−1(||φ|| q
2
,BR
+ 1)−1, then (3.13) becomes
∫ (
|ηu
α+1
2 |
2Q
Q−2
)Q−2
Q
≤ 2µ+2(||φ|| q
2
,Bt + 1)
µ+1C
µ+1
S α
µ+1
∫
η2uα+1 + 2CS
∫
uα+1|∇bη|
2(3.14)
= 2CS(CφC
µ
Sα
µ+1 + 1)
∫
uα+1
(
η2 + |∇bη|
2
)
where Cφ = 2
2µ+1(||φ|| q
2
,BR
+ 1)µ+1. Let R2 ≤ r2 < r1 ≤ R and choose the cutoff function η
satisfying
η
∣∣
Br2
≡ 1, supp η ⊂ Br1 , |∇bη| ≤
C4
r1 − r2
,
where C4 is a universal constant. Apply it in (3.14), the result is∫
Br1
(
|ηu
α+1
2 |
2Q
Q−2
)Q−2
Q
≤ 2CS(CφC
µ
S + 1)(R
2 + C24 )
αµ+1
(r1 − r2)2
∫
Br1
uα+1.(3.15)
Denote
C6 = 2CS(CφC
µ
S + 1)(R
2 + C24 )(3.16)
and define
T (p, r) =
(∫
Br
up
) 1
p
.
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Then (3.15) can be rewritten as
T (χp, r2) ≤
(
C6p
µ+1
(r1 − r2)2
) 1
p
T (p, r1), for p ≥ 2(3.17)
where χ = Q
Q−2 . Now let’s use Moser iteration. By taking
p0 =
Q
2
≥ 2, pm = χ
mp0, Rm =
R
2
+ 2−m−1R
(3.17) will lead the following process
T (χm+1p0, Rm+1) ≤C
1
χmp0
6 p
µ+1
χmp0
0 χ
m(µ+1)
χmp0 · 4
− m+2
χmp0R
− 2
χmp0 T (χmp0, Rm)(3.18)
≤C
∑m
0
1
χkp0
6 p
∑m
0
µ+1
χkp0
0 χ
∑m
0
k(µ+1)
χkp0 · 4
∑m
0 − k+2χkp0R
∑m
0 − 2χkp0 T (p0, R0)
≤C6C7R
−2T (p0, R0)
where C7 = C7(q,Q). Letting m→∞ and using expression of C6, we can finish the proof.
Lemma 3.6. Suppose that (M2n+1,HM, J, θ) is a closed connected pseudo-Hermitian manifold
with
(i) R∗ ≥ κ1Gθ and |A|, |divA| ≤ κ2,
(ii) diamcc ≤ d and Vol(M) ≥ V1.
Assume that φ,ψ ∈ L
q
2 (M) for some q > Q. Then there exists a constant
C8 = C8(n, κ1, κ2, d, V1, q, ||φ|| q
2
)
such that if 0 ≤ f ∈ Lip(M) is a weak solution of
∆bf + φf + ψ ≥ 0
then we have
sup
M
|f | ≤ C8
(
||f ||Q
2
,M
+ ||ψ|| q
2
,M
)
.(3.19)
Proof. For any point x ∈ M , there is a CC ball BR(x) such that V (BR(x)) =
V1
2 which implies
that ∂BR(x) 6= ∅. Moreover, Lemma 3.1 guarantees CR Sobolev inequality on BR(x) with
CS = CR
2eCR
2
V (BR(x))
− 2
Q ≤ CR2eCd
2
(
V1
2
)− 2
Q
.
Then the conclusion follows from Lemma 3.5.
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4 Convergence of pseudo-Einstein manifolds
In Riemannian geometry, a sequence (Mi, gi) of compact Riemannian manifolds C
k,α converges to
a compact Riemannian manifold (M,g) if there is a sequence of diffeomorphisms φ : M →Mi such
that φ∗gi → g in Ck,α. By Cheeger’s Lemma (cf. Lemma 51 of Chapter 10 in [21]) and Peters’
method in [20], we use the induction and get the following regularity theorem for convergence.
Theorem 4.1. For constants Λ, V1, d > 0 and nonnegative integer k, the space of all closed Rie-
mannian manifolds with
(1) |DmRˆ| ≤ Λ for m = 0, 1, 2, . . . , k,
(2) Vol ≥ V1,
(3) diamRiem ≤ d,
is Ck+1,α precompact for any α ∈ (0, 1).
We want to generalize it to pseudo-Hermitian manifolds.
Definition 4.2. A sequence of closed pseudo-Hermitian manifolds (Mi,HMi, Ji, θi) is called C
k,α
convergent if there are a manifold M , two tensors θ ∈ Ck,α(TM,R), J ∈ Ck,α(TM,TM) and
diffeomorphisms φi : M →Mi such that
φ∗i θi → θ, φ
∗
i Ji → J in C
k,α topology.(4.1)
Let’s first discuss the convergence of pseudo-Hermitian structures and almost complex structures
which is based on the identities
DXθ(Y ) = dθ(X,Y ) +A(X,Y ) = g(JX, Y ) +A(X,Y ),(4.2)
DXJ(Y ) = −g(X,Y )ξ −A(X,JY )ξ − θ(Y )Jτ(X) + θ(Y )X,(4.3)
for any X,Y ∈ Γ(TM), due to (2.9) with ∇θ = 0 and ∇J = 0.
Lemma 4.3. Given constants λ, V1, d, λ0, . . . , λk+1 and Λ0, . . . ,Λk for k ≥ 0, any sequence of
closed pseudo-Hermitian (2n+ 1)-manifolds with
(1) |DmRˆ| ≤ Λm for m = 0, 1, 2 . . . , k,
(2) |DmA| ≤ λm for m = 0, 1, 2 . . . , k + 1,
(3) diamcc ≤ d,
(4) Vol ≥ V1,
where D is the Levi-Civita connection associated with Webster metric, is Ck+1,α sub-convergent for
any α ∈ (0, 1).
Proof. Due to the relation of Riemannian distance and CC distance, Cheeger’s finiteness theorem
shows that closed pseudo-Hermitian manifolds satisfying the assumptions (1)-(4) have finite dif-
ferentiable structures. Hence it suffices to prove the sub-convergence of closed pseudo-Hermitian
manifolds (M,HiM,Ji, θi) under the conditions (1)-(4). Let (U, x
a) be a coordinate chart of M .
Then we can set
θi = φi;adx
a, Ji = J
b
i;adx
a ⊗
∂
∂xb
, gθi = gi;abdx
a ⊗ dxb, Ai = Ai;abdx
a ⊗ dxb.
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Moreover, the Christoffel symbols of the Levi-Civita connection about gθi is denoted by Γ
c
i;ab. It is
obvious that the components of ξi satisfies ξ
a
i = g
ab
i φi;b where (g
ab
i ) is the inverse of (gi;ab).
By assumptions, Theorem 4.1 guarantees the Ck+1,α convergence of Riemannian manifolds
(M,gθi) by taking subsequence which is also denoted by itself. Hence for any β ∈ (α, 1), gi;ab
have uniformly Ck+1,β bound and then Γci;ab have uniformly C
k,β bound. Moreover, φi;a and J
b
i;a
are uniformly bound due to |θi|gθi = 1 and |Ji|gθi = 2n. The identities (4.2) and (4.3) have the
following local expressions:
∂φi;a
∂xb
= Γci;baφi;c + J
c
i;bgi;ca +Ai;ab
∂Jbi;a
∂xc
= Γdi;caJ
b
i;d − J
d
i;aΓ
b
i;cd − gi;cag
db
i φd − J
d
i;aAi;cdg
eb
i φi;e − J
b
i;dAi;ceg
de
i φi;a + φi;aδ
b
c
which makes φi;a and J
b
i;a uniformly C
1 bound and thus C0,β bound. By induction, one can
easily show that φi;a and J
b
i;a are uniformly bounded in C
k+1,β which is compact in Ck+1,α. By
choosing a finite cover of M and taking subsequence of θi, Ji, there are θ ∈ C
k+1,α(M,T ∗M) and
J ∈ Ck+1,α(M,T ∗M ⊗ TM) such that θi → θ and Ji → J in the sense of Ck+1,α convergence of
components.
Next we discuss the convergence of closed pseudo-Hermitian manifolds under some regularity
condition of pseudo-Hermitian curvature and pseudo-Hermitian torsion. Let’s slightly recall the
notion of weights of covariant derivatives: for any tensor σ, we say that the covariant derivative
(∇mσ)(X1,X2, · · · ,Xm) weights k if there are k1 horizontal vector fields and k2 Reeb vector fields
in X1,X2, · · · ,Xm such that k1+2k2 = k. The contraction of two tensors σ1 and σ2 is denoted by
σ1 ∗ σ2. The contraction of one tensor σ is denoted by L(σ). For simplicity, we will always omit
the tensors J, θ, gθ and their duals for contractions with other tensors in the absence of specific
circumstances, because they are parallel associated with Tanaka-Webster connection ∇.
Let’s denote
||R˜||Ck
∇
=
k∑
m=0
||∇mR˜||C0
||A||Ck
∇
=
k∑
m=0
||∇mA||C0
where ∇ is the Tanaka-Webster connection.
Lemma 4.4. Suppose that (M,HM,J, θ) is a pseudo-Hermitian manifold. Then for any integer
k ≥ 0, we have
(1) DkA is bounded by ||A||Ck
∇
;
(2) DkR˜ is bounded by ||R˜||Ck
∇
and ||A||
Ck−1
∇
;
(3) DkRˆ is bounded by ||R˜||Ck
∇
and ||A||
Ck+1
∇
;
(4) DkA is bounded by ||R˜||Γ2k−2 and ||A||Γ2k ;
(5) DkRˆ is bounded by ||R˜||Γ2k and ||A||Γ2k+2 .
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Proof. It is obvious for k = 0. Now assume that k ≥ 1. By (2.9), for any σ ∈ Γ(⊗pT ∗M) and
X,X1, . . . Xp ∈ Γ(TM), we have
Dσ =∇σ + σ ∗ dθ ∗ ξ + σ ∗ A ∗ ξ + σ ∗ τ ∗ θ + σ ∗ J ∗ θ(4.4)
=∇σ + σ ∗ g ∗ g−1 ∗ J ∗ θ + σ ∗ g−1 ∗A ∗ θ + σ ∗ J ∗ θ
since dθ(·, ·) = g(J ·, ·), g(ξ, ·) = θ(·) and A(·, ·) = g(·, τ(·)) where g = gθ and g
−1 is its inverse.
We claim that
Dkθ = Pk−1(θ, J ;A)(4.5)
DkJ = Qk−1(θ, J ;A)(4.6)
DkA = L(∇kA) + Sk−1(θ, J ;A)(4.7)
where Pk−1(θ, J ;A), Qk−1(θ, J ;A), Sk−1(θ, J ;A) represent the linear combination of g, θ, J and ∇lA
with l ≤ k − 1. We use induction to prove this claim. For the case k = 1, the identities (4.2) and
(4.3) lead (4.5) and (4.6). The identity (4.7) follows from (4.4) with σ = A. Now assume that the
claim is right for all cases < k and consider the case k. Due to (4.2) and (4.3), we have
Dkθ =Dk−1(g ∗ J +A) =
∑
i≤k−1
g ∗DiJ +Dk−1A,
DkJ =Dk−1(g ∗ g−1 ∗ θ + g−1 ∗ A ∗ J ∗ θ + θ ∗ id)
=
∑
i≤k−1
(g ∗ g−1 ∗Diθ +Diθ ∗ id) +
∑
i+j+l=k−1
g−1 ∗DiA ∗DjJ ∗Dlθ,
which, combining with inductive assumption, yield (4.5) and (4.6). One can similarly get (4.7) by
(4.4). Hence Dkθ,DkJ and DkA are bounded by ||A||Ck
∇
. Thus the conclusion (1) is obtained.
Similarly, one can easily get
DkR˜ = L(∇kR˜) + Tk−1(θ, J ;A, R˜)(4.8)
where Tk−1(θ, J ;A, R˜) is the linear combination of g, θ, J and ∇lA,∇lR˜ with l ≤ k − 1. Hence the
conclusion (2) is finished. The identity (2.10) shows that Rˆ involves g, θ, ξ, J,A,∇A and R˜ which
leads (3).
Due to the condition (3) in Proposition 2.1, the identity (2.43) shows that
(∇2σ)(X1, · · · ,Xp; ηα, ηα¯)− (∇
2σ)(X1, · · · ,Xp; ηα¯, ηα)
= σ(X1, · · · , R(ηα, ηα¯)Xi, · · · ,Xp) + 2i
(
∇ξσ
)
(X1, · · · ,Xp).
which yields that
∇ξσ = L(∇
2
bσ) + σ ∗ R˜.
Taking σ = ∇jbR˜ and using (2.43) again, we get
∇ib∇ξ∇
j
bR˜ =∇
i
b(L(∇
j+2
b R˜) +∇
j
bR˜ ∗ R˜)(4.9)
=L(∇i+j+2b R˜) +
i∑
k=0
∇j+kb R˜ ∗ ∇
i−k
b R˜,
which yields that ||R˜||Ck
∇
can be estimate by ||R˜||Γ2k . The similar argument of ∇
i
b∇ξ∇
j
bA shows
that ||A||Ck
∇
is bounded by ||R˜||Γ2k−2 and ||A||Γ2k . Hence the conclusions (4) and (5) follow from
the previous conclusions (1) and (3).
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Using Lemma 4.3 and Lemma 4.4, we have the following convergence theorem for closed pseudo-
Hermitian manifolds.
Theorem 4.5. Given constants d, V1, λ and Λ , any sequence of closed connected pseudo-Hermitian
manifolds with same dimension and
||R˜||Γ2k ≤ Λ, ||A||Γ2k+2 ≤ λ, diamcc ≤ d, Vol ≥ V1
is Ck+1,α sub-convergent for any α ∈ (0, 1).
Corollary 4.6. The class of closed connected pseudo-Hermitian manifolds with same dimension
and
||R˜||Γk ≤ Λk, ||A||Γk ≤ λk, diamcc ≤ d, Vol ≥ V1
for all integer k ≥ 0 is C∞ compact.
From an analytical viewpoint in Riemannian geometry, Bochner formulae of geometric tensor
always provide their high-order derivative estimates, such as harmonic maps and Einstein metrics.
This idea is also effective for pseudo-Einstein structure which requires less derivatives for pseudo-
Hermitian curvature in Theorem 4.5 as follows:
Theorem 4.7. Given constants κ1, κ2, d, V1, λ and Λ, any sequence of closed connected pseudo-
Einstein manifolds with dimension 2n+ 1 ≥ 5 and
|A| ≤ κ1, |divA| ≤ κ2, ||A||
S
q
2
2k+4
≤ λ, ||R˜|| q
2
≤ Λ, diamcc ≤ d,Vol ≥ V1(4.10)
for some q > Q where Q is given in (3.3), is Ck+1,α sub-convergent for any α ∈ (0, 1).
Proof. By Theorem 4.5, it suffices to estimate ||R˜||Γ2k and ||A||Γ2k+2 of a closed connected pseudo-
Hermitian manifold (M,HM,J, θ) with (4.10). According to Lemma 3.1, the assumptions assert
that CR Sobolev inequality uniformly holds. Moreover, for m ≤ 2k + 2, the right side of the
following equation
∆b∇
m
b A = traceGθ∇
2
b∇
m
b A
is uniformly bounded and thus Lemma 3.6 guarantees that
||A||Γ2k+2 ≤ λ
′ = λ′(κ1, κ2, q, d, V1, λ).
Next, we use induction to prove the uniformly bound of ||R˜||Γ2k(M). The case ||R˜||Γ0 is easily
obtained by subelliptic inequality (2.51) and Lemma (3.6). Assume that ||R˜||Γm is uniformly
bounded for m ≤ 2k − 1. For the case m+ 1, we first observe that
∆b∇
m
b R˜ =L(∇
m+2
b A) +
∑
i+j=m
(
∇ibA ∗ ∇
j
bA+∇
i
bR˜ ∗ ∇
j
bA+∇
i
bR˜ ∗ ∇
j
bR˜
)
(4.11)
=∇mb R˜ ∗ R˜+∇
m
b R˜ ∗ A+Bm
due to the identity (2.43) and pseudo-Einstein condition where Bm contains horizontal derivatives
of A with order ≤ m+ 2, horizontal derivatives of R˜ with order ≤ m− 1 and thus it is uniformly
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bounded. For any x ∈ M , choose a CC ball BR(x) with volume
V1
2 . On one hand, Multiplying
(4.11) with ∇mb R˜ and taking integral on BR(x), the result is∫
BR(x)
|∇m+1b R˜|
2 ≤ Λ′′
due to the induction assumption where Λ′′ is a constant. On the other hand, the m + 1 version
of (4.11) will leads a subelliptic inequality of ∇m+1b R˜. Hence a similar argument of Lemma 3.6
estimates the L∞ norm of ∇m+1b R˜. Then the proof is finished by Theorem 4.5.
Corollary 4.8. Given constants d, V1 and Λ, the class of closed connected Sasakian pseudo-Einstein
manifolds with dimension 2n+ 1 ≥ 5 and
||R˜|| q
2
≤ Λ, diamcc ≤ d, Vol ≥ V1(4.12)
for some q > Q where Q is given in (3.3), is C∞ compact.
One can also replace the S
q
2
2k+4 norm condition of pseudo-Hermitian torsion A in Theorem
4.7 by the Sq2k+3 norm due to Lemma 3.4. This can be weakened if the dimension is 5 and the
pseudo-Hermitian scalar curvature is constant.
Theorem 4.9. Given constants κ1, d, V1, λ and Λ, any sequence of closed connected pseudo-Einstein
manifolds with dimension 5, constant pseudo-Hermitian scalar curvature ρ and
|A| ≤ κ1, ||A||Sq2k+2 ≤ λ, ||R˜||
q
2
≤ Λ, diamcc ≤ d,Vol ≥ V1,(4.13)
for some q > Q where Q is given in (3.3), is Ck+1,α sub-convergent for any α ∈ (0, 1).
Proof. By Lemma 4.3 and Lemma 4.4, it suffices to estimate ||R˜||Ck
∇
and ||A||
Ck+1
∇
. Suppose that
(M5,HM, J, θ) is a closed Hermitian manifold satisfying the conditions (4.13) in this theorem.
By the constancy of pseudo-Hermitian scalar curvature and pseudo-Einstein condition, we know
that divA = 0 due to (2.42). Hence Lemma 3.4 holds which makes ||A||Γ2k+1 ≤ λ
′ where λ′ =
λ′(κ1, d, V1, q, λ).
We can use induction to prove ||R˜||Γ2k ≤ Λ
′ by a similar argument in Theorem 4.7 and thus
obtain the uniformly bound of all derivatives of R˜ with weight ≤ 2k by (4.9) which gives the
estimate of ||R˜||Ck
∇
.
It is notable that
∇ib∇ξ∇
j
bA = ∇
i
b
(
∇j+2b A+∇
j
bA ∗ R˜
)
= ∇i+j+2b A+
i∑
l=0
∇j+lb A ∗ ∇
i−l
b R˜.(4.14)
due to (2.43) and then all derivatives of A with weight ≤ 2k+1 are uniformly bounded. It remains
to estimate ∇k+1ξ A. One can easily use induction and (2.52) to show the sub-Laplacian of ∇
k+1
ξ A
∆b∇
k+1
ξ A = R˜ ∗ ∇
2k+2
b A+A ∗ ∇
2k+2
b A+ P2k+1
where P2k+1 involves derivatives of A with weight ≤ 2k + 1 and ones of R˜ with weight ≤ 2k. The
commutation relation (4.14) guarantees that the norm ||∇k+1ξ A||q,M is uniformly bounded by the
S
q
2k+2 norm of A and thus so is |∇
k+1
ξ A| by Lemma 3.6.
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5 Compactness of Sasakian pseudo-Einstein manifolds
As we know, Sasakian pseudo-Einstein manifolds with pseudo-Hermitian scalar curvature ρ > 0
are Einstein under D-homothetic transformations. The compactness of Einstein manifolds are well
studied (cf. [1]). This section aims to investigate the other two cases with ρ = 0 and ρ < 0. Let’s
say that a pseudo-Hermitian (2n + 1)-manifold is normalized if ρ = ±n(n + 1) or 0. Our main
theorem is as follows:
Theorem 5.1. Given constants d, V1 and Λ, the class of normalized closed Sasakian pseudo-
Einstein (2n + 1)-manifolds with dimension 2n+ 1 ≥ 5 and
||R˜|| 2n+1
2
≤ Λ, diamcc ≤ d, Vol ≥ V1(5.1)
is compact in C∞ topology.
Here we only need Ln+
1
2 norm of R˜ and improve Corollary 4.8. To prove Theorem 5.1, let’s
first obtain the smooth convergence of pseudo-Hermitian structures and almost complex structures
from the convergence of metrics.
Lemma 5.2. Let (Mi,HMi, Ji, θi) be a family of closed Sasakian manifolds. Assume (Mi, gθi) C
∞
converge to (M,g). Then there exists a smooth pseudo-Hermitian structure θ and a smooth almost
complex structure J such that (M,HM,J, θ) is the limit of a subsequence of (Mi,HMiJi, θi) and
is also Sasakian.
Proof. Without loss of generality, assume that Mi = M . The proof of Lemma (4.3) shows that
there exists a subsequence, also denoted by θi, Ji such that θi → θ and Ji → J in C
∞ topology of
M . The formula (2.9) shows that
τi = D
iξi − Ji.(5.2)
Since gi C
∞ converge to g, then Di tends to D in C∞. By taking the limit of (5.2), we find
τ = Dξ − J = lim
i→∞
(Diξi − Ji) = lim
i→∞
τi = 0.
Hence (M,HM,J, θ) is Sasakian where HM = Kerθ.
Thus the proof of Theorem 5.1 remains to show the C∞ convergence of metrics. By Theorem
4.1, it suffices to prove the uniform bounds of all derivatives of Riemannian curvatures. Roughly
speaking, Theorem A’ in [1] produces the estimate of L∞ norm of curvatures and the pseudo-
Einstein condition with CR Bochner formulae lifts the regularities as same as Theorem 4.7.
Proof of Theorem 5.1. Let (M,HM,J, θ) be a Sasakian pseudo-Einstein manifold satisfying (5.1)
in this theorem. Since the pseudo-Hermitian torsion vanishes, then the relation (2.9) between the
Levi-Civita connection D of gθ and the Tanaka-Webster connection ∇ becomes
D = ∇− dθ ⊗ ξ + 2θ ⊙ J(5.3)
which implies that
Dθ = dθ, Ddθ = θ ∗ gθ.(5.4)
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By Lemma 2.3, we find
D2Rˆic = θ ∗ θ ∗ gθ + dθ ∗ dθ(5.5)
which is uniformly bounded. So is DkRˆic for all k. The proof Theorem A’ in [1] guarantees that
sup
M
|Rˆ|gθ ≤ C9,(5.6)
where C9 = C9(Λ, V1, d).
For the estimate of higher derivatives of DkRˆ, we use induction to prove
sup
M
|DkRˆ|gθ ≤ Λk.(5.7)
The case k = 0 has been proved in (5.6). Assume that the estimate (5.7) holds for all cases ≤ k.
Now we consider the case k + 1. Note that
∆Dk+1Rˆ = Dk+1Rˆ ∗ Rˆ+
k∑
l=1
DlRˆ ∗Dk+1−lRˆ+Dk+3Rˆic,(5.8)
which implies
∆|Dk+1Rˆ|+ C10|D
k+1Rˆ|+ C10 ≥ 0.(5.9)
where C10 = C10(n, k). We apply the Riemannian Sobolev inequality (cf. [1]) and the similar
argument of Lemma 3.6 to (5.9) with p0 = 2. The result is
sup
M
|Dk+1Rˆ| ≤ C11(||D
k+1Rˆ||2,M + 1),(5.10)
where C11 = C11(k,Λ, V1, d). Next we will estimate ||D
k+1Rˆ||2,M . Using the Stokes’ formula and a
k-th version of (5.9), we have∫
M
|Dk+1Rˆ|2 = −
∫
M
〈∆DkRˆ,DkRˆ〉
≤
∫
M
〈DkRˆ ∗ Rˆ,DkRˆ〉+
k−1∑
l=1
∫
M
〈DlRˆ ∗Dk−lRˆ,DkRˆ〉+
∫
M
〈Dk+2Rˆic,DkRˆ〉
≤ C12,
which gives (5.7).
Suppose (Mi,HMi, Ji, θi) is a sequence of normalized closed connected Sasakian pseudo-Einstein
manifolds. The estimate (5.7) shows the uniform bounds of all covariant derivatives of Rˆ. Hence
by Theorem 4.1, we obtain the C∞ sub-convergence of the metric gθi . Applying Lemma 5.1, the
structures θi and Ji both C
∞ converge and the limit (M,HM,J, θ) is Sasakian pseudo-Einstein.
Remark 5.3. The proof of Theorem 5.1 only requires the upper bound of Riemannian distance
with respect to Webster metric which seems weaker than one of Carnot-Carathe´odory distance. But
they are equivalent for normalized Sasakian pseudo-Einstein manifolds (cf. Theorem 3 in [4]).
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Remark 5.4. There is another generalization of Einstein notion in Sasakian geometry, which is
called Sasakian η-Einstein (cf. [7]). It means that the Riemannian Ricci curvature satisfies
〈Rˆic(X), Y 〉 = λ〈X,Y 〉+ µθ(X)θ(Y ), for X,Y ∈ Γ(TM),(5.11)
where λ and µ are constants. The concepts of pseudo-Einstein and η-Einstein are equivalent in
Sasakian geometry by the following lemma. In other words, Theorem 5.1 gives the compactness of
Sasakian η-Einstein manifolds.
Lemma 5.5. Let (M,HM,J, θ) is a (2n+1)-Sasakian manifold. Then it is η-Einstein if and only
if it is pseudo-Einstein.
Proof. Since (M,HM,Jθ) is Sasakian, by (2.7) and (2.8), R(ξ, ·)· = 0. Moreover, Lemma 2.3 shows
that for any X,Y ∈ Γ(TM),
〈Rˆic(X), Y 〉 = 〈R∗X,Y 〉 − 2〈πHX,πHY 〉+ 2nθ(X)θ(Y ).(5.12)
Suppose (M,HM,Jθ) is η-Einstein. For any X,Y ∈ Γ(HM), by (5.12), we have
〈R∗X,Y 〉 = 〈Rˆic(X), Y 〉+ 2〈X,Y 〉 = (λ+ µ)〈X,Y 〉,
which shows that it is also pseudo-Einstein.
Suppose (M,HM,J, θ) is pseudo-Einstein. Then the pseudo-Hermitian scalar curvature ρ is
constant by (2.42). Thus by (5.12), we have for any X,Y ∈ Γ(TM)
〈Rˆic(X), Y 〉 = (
ρ
n
− 2)〈πHX,πHY 〉+ 2nθ(X)θ(Y )
= (
ρ
n
− 2)〈X,Y 〉+ (2n−
ρ
n
+ 2)θ(X)θ(Y ),
which shows that it is η-Einstein.
As a simple consequence of Theorem 5.1, we would deduce some pointed compactness of Ka¨hler
cones. Suppose that (M,HM,J, θ) is a Sasakian (2n+1)-manifold. Its Ka¨hler cone is the product
manifold CM = R+ ×M with metric
h = dt2 + t2gθ
and complex structure
J = J + dt⊗ (t−1ξ)− (tθ)⊗ ∂t,
where t is the coordinate of R+ (cf. [6]). The link {1} ×M with the induced CR structure is
identified with the generator (M,HM,J, θ). As we know, Sasakian manifold is Einstein if and only
if its Ka¨hler cone is Ricci-flat. Actually, one can easily obtain the following relationship between
pseudo-Hermitian Ricci curvature R∗ of Sasakian manifold (M,HM,J, θ) and Ricci curvature Ric
of its Ka¨hler cone (CM,J, h):
h(Ric(X), Y ) = t−2Gθ
(
(R∗ − (2n+ 2))πTMX,πTMY
)
.(5.13)
where πTM is the projection from T (CM) to TM . By Theorem 5.1, we have the following corollary.
Corollary 5.6. Given constants d, V1 and Λ, the class of complete Ricci-flat Ka¨hler cones with
dimension 2n+ 2 and their Sasakian links satisfying
||R˜|| 2n+1
2
≤ Λ, diamcc ≤ d, Vol ≥ V1(5.14)
is pointed C∞ compact.
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6 Pseudo-Hermitian Ricci Bounded From Below
In this section, we deduce a weak version of Theorem 4.9 to relax the pseudo-Einstein condition.
Theorem 6.1. Given κ1, d, V1,Λ and p > 2n+1 for any integer n ≥ 1, there exists ǫ = ǫ(n, p, d) > 0
such that any sequence of closed pseudo-Hermitian manifolds (Mi,HMi, Ji, θi) with dimension 2n+1
and
(1) R∗,i ≥ −2(n+ 1)κ1 ,
(2) ||Ai||Sp1 (Mi), ||∇ξiA||p,Mi , ||A
2
i ||p,Mi ≤ ǫ (Vol(Mi))
1
p ,
(3) ||R˜i||p,Mi ≤ κ3,
(4) diamcc(Mi) ≤ d,
(5) Vol(Mi) ≥ V1,
is C1,α convergent for any α < 1− p2n+1 .
The proof follows from the following theorem (Theorem 1.4) in [22].
Theorem 6.2. Given an integer n ≥ 2, and numbers p > n2 , λ ≤ 0, V1 > 0, d <∞,Λ ≤ ∞, one can
find ε = ε(n, p, λ, d) > 0 such that the class of closed Riemannian manifolds with dimension n and
Vol ≥ V1, diam ≤ d, ||R||Lp ≤ Λ
||max{−f(x) + (n− 1)λ, 0}||Lp ≤ ε(vol)
1
p
where f(x) is the smallest eigenvalue of Riemannian Ricci tensor, is precompact in Cα topology for
any α < 2− n
p
.
Proof of Theorem 6.1. Let ∇i be the Tanaka-Webster connection of (Mi,HMi, Ji, θi). Due to the
relation (2.24), the Riemannian Ricci curvature
Rˆici =
(
R∗,i − 2I2n 0
0 2n
)
+
(
(Ai) + (∇
i
ξAi) (divAi)
T
divAi −|Ai|
2
)
where (Ai) and (∇
i
ξAi) represent the linear combination of θ, J and themselves. Hence the smallest
eigenvalue of Rˆic at x ∈M
fi(x) ≥ −2(n + 1)κ1 − 2− C(|Ai|+ |Ai|
2 + |∇iAi|)
where C = C(n). Let λ = −2(n+1)κ1−22n and then we have
max{−fi(x) + 2nλ, 0} ≤ C(|Ai|+ |Ai|
2 + |∇iAi|)
Since the condition (2) controls Lp norm of ∇iAi, then Theorem 6.2 hold for sufficiently small ε.
Thus (Mi, gθi) will C
1,α converge to some Riemannian manifold (M,g). Due to Lemma 4.4, one
can easily check that the first covariant derivative of pseudo-Hermitian torsion with respect to the
Levi-Civita connection has uniform classical Sobolev Lp1-norm. By Sobolev embedding theorem,
the C0,β-norm of pseudo-Hermitian torsion Ai is uniformly bounded for β = 1−
p
2n+1 . The proof
will be finished by a similar argument of Lemma 4.3.
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The condition (2) of Theorem 6.1 holds naturally in Sasakian manifolds.
Corollary 6.3. Given κ1, d, V1,Λ and p > 2n+1 for any positive integer n, any sequence of closed
Sasakian manifolds with dimension 2n+ 1 and
R∗ ≥ −2(n+ 1)κ1, ||R˜||Lp ≤ Λ, diamcc ≤ d, Vol ≥ V1
is C1,α sub-convergent for any α < 1− p2n+1 .
As a consequence with (5.13), we can deduce the pointed compactness of Ka¨hler cones with
Ricci curvature Ric lower bound.
Corollary 6.4. Given constants κ1, d, V1,Λ and p > 2n+1 for any positive integer n, any sequence
of complete Ka¨hler cones with dimension 2n+2, Ric ≥ −κ1t
−2 and their Sasakian links satisfying
||R˜||Lp ≤ Λ, diamcc ≤ d, Vol ≥ V1(6.1)
is C1,α sub-convergent for any α < 1− p2n+1 .
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